We use the field theory description of the fractional quantum Hall states to derive the universal response of these topological fluids to shear deformations and curvature of their background geometry, i.e. the Hall viscosity, the Wen-Zee term, and the gravitational Chern-Simons term. To account for the coupling to the background geometry, we show that the concept of flux attachment needs to be modified and use it to derive the geometric responses from Chern-Simons theories. We show that the resulting composite particles minimally couple to the spin connection of the geometry. We derive a consistent theory of geometric responses from the Chern-Simons effective field theories and from parton constructions, and apply it to both abelian and non-abelian states.
The quantized Hall conductance is the most fundamental transverse response of the incompressible fractional quantum Hall (FQH) states of two-dimensional electron fluids in external magnetic fields [1] [2] [3] [4] [5] [6] [7] [8] [9] . The charge current flows perpendicular to the direction of an external in-plane electric field, and the transport is dissipationless. The Hall conductance does not depend on the microscopic details of the system, but only on the topological properties of the states. The Hall conductance is one of the key topological properties characterizing the quantum Hall fluids. However, the Hall conductance does not fully characterize these topological fluids [6, 7, 10] .
A full characterization of abelian FQH states as topological fluids [6, 10] includes the (fractional) charge and statistics of the quasiholes and the ground state degeneracy on closed surfaces, as well as various so-called fusion reels for the quasi-holes. These dimensionless universal properties of the FQH state are determined by topological invariants of the topological fluid states. However, a full characterization of the FQH fluid also requires the intrinsic orbital spin s [6] , and the associated Hall viscosity η H . These quantities express the way the fluid couples to geometric properties of the 2D surface on which it moves [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . They become manifest when a FQH state is put on a curved (and dynamical) surface. The Hall viscosity is the response of the Hall fluid to an external shear deformation of the background surface, under which the Hall fluid develops a momentum density perpendicular to it. As a result, the net energy for the deformation vanishes, resulting in a non-dissipative viscosity [23] . It has been argued that the Hall viscosity η H depends only on the density of electronρ and the orbital spin s through the relation [10, 12, 13, 24] η H = sρ/2.
The coupling of the Hall fluid to the curvature of the background surface is the origin of the shift vector associated to FQH states on spheres [6, 11] . At the level of the effective hydrodynamic theory this coupling is represented in its effective action by the Wen-Zee term (whose coefficient involves the orbital spin s [6, [11] [12] [13] 16] ). It represents the universal coupling of the hydrodynamic gauge fields of the fluid to the spin connection of the geometry of the surface. The Wen-Zee term was introduced to account for an additional Berry phase needed to represent the Hall fluid on a sphere, and also predicts that local changes in the curvature of the surface should be accompanied by local accumulation of electric charge. Since the orbital spin s and the geometric response are closely related to each other, a calculation of the geometric response amounts to a derivation of the orbital spin s of the fluid (for a rotationally invariant system [12, 13] ).
The topological properties of FQH fluids are encoded in the effective hydrodynamic theory which has the form of Chern-Simons gauge theory [6, 25] . At a microscopic level, the FQH states are described either from the structure of model wave functions [1, 4, [26] [27] [28] , Chern-Simons gauge theories that implement the concept of flux attachment [5, 29] , or by parton constructions [30] . In the past, the Hall viscosity and Wen-Zee term have been studied in various ways, ranging from the modular properties of FQH wave functions, using AdS/CFT holographic dual methods, to modeling hydrodynamic theories of FQH states (and in topological insulators) [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [31] [32] [33] [34] . However, so far there has been no consistent derivation of the geometrical properties of FQH fluids from their field theoretic descriptions.
In this paper, we derive the Hall viscosity and the WenZee term using the description of Chern-Simons gauge theories, which embody the concept of flux attachment, and also with the projective parton approach [30, 35] . To derive the geometric response from the Chern-Simons gauge theories, we first show that the conventional approach to flux attachment must be modified even for for a system of non-relativistic particles moving in a curved space. We further show that the resulting composite particles are minimally coupled to the spin connection of the geometry (even though the microscopic particles are scalars.) The strength of this coupling is then identified as the topological spin induced by the flux attached to the electron. In addition, the coupling to the spin connection leads to an extra topological term in the response: the (gravitational) Chern-Simons action for the spin connection [36] [37] [38] . The significance of this term is that it yields the energy-momentum tensor of the fluid. Its coefficient is equal to the central charge of the Virasoro algebra of the edge states of this fluid on a disk geometry. We also derive the effective field theory using the parton construction [30, 35] , including the geometric responses for general FQH states including non-abelian states, e.g., Z k parafermion state. Our results yield a consistent understanding of two-dimensional abelian topological orders [10] from the effective field theoretic approaches as well as geometric responses of more general class of the topological states including non-abelian FQH states (except for some open issues concerning the gravitational CS term in the latter case.)
Flux attachment and geometry: In the descriptions of FQH states, the Chern-Simons (CS) term plays an important role: it binds the flux to the charge and induces the statistical transmutation. Another equally important but less appreciated ingredient from the CS term is the topological spin [39] [40] [41] [42] [43] [44] . Formally, the spin can be introduced to the theory by defining a local frame attached to the worldline of the particle which is done by formally regarding the worldline of a composite particle as a ribbon. Heuristically, the ends of the ribbon correspond to the positions of the charge and the flux bound to the charge. Then the ribbon will be twisted as the composite particle moves in spacetime. The topological spin counts how fast the charge circulates around the flux. This construction is widely applicable to all systems in D = 2 space dimensions, even without an external magnetic field.
The spin is related with the self-statistical angle of the composite particle. To be precise, we consider a CS gauge theory minimally coupled to the charge current j µ ,
The content of the CS Lagrangian, Eq. (1), is a chargeflux constraint (the Gauss law of this theory) and canonical commutation relations for the gauge fields [45] . The charge is bound with the flux and is turned into a composite particle with the change in the statistical angle θ stat = π k . Then the spin-statistics connection implies that the composite particle will carry the topological spin S z = θstat 2π = 1 2k . Thus the composite particle carries spin polarized along z-direction.
On a surface with a non-flat metric the topological spin of the composite particle couples to the (abelian) spin connection with the coupling strength dictated by the topological spin. To demonstrate this, we perform a parallel transport of a composite particle along the curve C : s → r = (x 1 (s), x 2 (s), t(s)) ∈ Σ 2 × R with its arc length s. We are interested in the adiabatic transport of the particle, i.e.,
In the pure CS theory, the amplitude for the transport is given by a Wilson line operator [39] [40] [41] 
where we have introduced the writhing number
, where L is the linking number and T [C] is the torsion [39] [40] [41] [42] (or the twist) of the curve C. Because L is always integer, it is independent of the background metric. The torsion represents how fast the frame of the curve rotates along C
We have chosen the frame along the curve to be e 1 = ∂r ∂s
and e 2 ⊥ e 1 . When the curvature is purely spatial, and in the absence of torsion in Σ 2 , the phase factor Eq.(2) reduces to (see the supplementary appendix A)
Thus the covariant derivative of the composite particle should also include the spin connection with coupling strength S z ,
This is one of the key results in this paper. The composite fermion and composite boson theories so far in literature are restricted to flat space, and hence there is no need to introduce the spin connection explicitly. However, the geometric response involves the deformation of the metric, and it is necessary to keep the spin connection explicitly. We will show that inclusion of the spin connection in the covariant derivative leads to the correct Hall viscosity and Wen-Zee term for abelian FQH fluids.
Composite Fermion theory:
We first consider the composite fermion theory [4, 5] of a FQH state at the filling ν = 1 2p+1 in a curved space. We begin with the action of the non-relativistic Fermi field Ψ describing the dynamics of electrons in two dimensions under an uniform magnetic field,
in which D µ = ∂ µ + iA µ is the covariant derivative of the electron, and we set the effective mass m e and the charge of electron to be unity. The electron is a scalar field, and thus does not couple minimally with the spin connection. S int encodes the short-ranged repulsive density-density interaction between electrons. The interaction term will not affect the Hall viscosity [46] , and so it can be ignored from here and on. The electromagnetic gauge field A µ can be written as A µ =Ā µ +δA µ whereĀ µ is the uniform magnetic field, and δA µ is a probe field that measures the electromagnetic response of the FQH state. We are interested in the linear response of the FQH state to the shear metric deformation δg ij = g ij − δ ij such as Tr (δg ij ) = 0 and g = det g ij = 1 + O(δg 2 ij ). The fermion Chern-Simons field theory of the FQH states [5, 9] consists of attaching an even number of flux quanta to each electron by formally coupling the theory of Eq.(6) to an abelian (statistical) gauge field a µ whose Lagrangian has the CS form. The resulting action is
where D µ = ∂ µ + iA µ + ia µ + ipω µ is a covariant derivative which, in addition to the minimal coupling to the statistical gauge field a µ , includes the minimal coupling to the spin connection ω µ . The CS term binds the 2p flux quanta to the electron and turns the electron into the composite fermion [4] . Notice that the spin connection enters explicitly in the covariant derivative with a topological spin p ∈ Z reflecting the statistical angle θ stat = 2πp. The FQH state is described in this composite fermion picture [4, 5] by noting that if we attached 2p flux quanta to each fermion, on average the external vector potential A j is partially screened toĀ j +ā j = 1 2p+1Ā j . Thus the composite fermion Ψ is subject to the magnetic field which is the composite fermions fill up the lowest effective Landau level [4] . The physics of the FQH effect is then obtained by integrating out the composite fermion fluctuations at the one-loop ("RPA") level. The resulting effective Lagrangian of the fluctuating component δa µ of the statistical gauge field, of the electromagnetic probe δA µ , and of the metric δg ij in this state, to lowest orders in a gradient expansion has the form L = L 0 + L topo where [19, 46] 
where s 0 = 1/2 is the orbital spin of a system of fermions at ν = 1, andρ is the electron density. Here we have [19, 20, 22] . We can further transform the effective theory of Eq. (9) into the hydrodynamic theory of the FQH state [6, 7] . To this end we introduce the hydrodynamic field b µ , rewrite the last term in Eq. (9) as
and integrate-out the fluctuation δa µ from Eq. (9) to obtain the hydrodynamic theory for the FQH state [6, 7] , which now also includes the coupling to a curved space
This effective Lagrangian has the same form as the hydrodynamic theory [6] . However, Eq.(11) also includes the Berry phase term of the Hall viscosity (second term of the first line), and the Wen-Zee [11] and gravitational CS terms [36] (second and third terms of the second line). The Hall viscosity of the FQH state is obtained by varying L in Eq. (11) with respect to the metric δg ij ,
where s is the intrinsic orbital spin, s = 2p+1 2 [12, 13, 15, 24] .
We can further identify the chiral central charge of the edge state of this FQH fluid by reading-off the coefficient of the gravitational CS term − c 48π ε µνλ ω µ ∂ ν ω λ in Eq.(11) and find c = 1. The gravitational CS term reflects the gravitational anomaly [47] of the energy-momentum transport in topological fluids [48] [49] [50] A standard result from quantum field theory (see, e.g. Ref. [51] ) relates the the response to the effective action to a change of the metric (and hence of the spin connection) to the expectation value of the energy-momentum tensor of these systems. in particular, given the (holographic) correspondence that exists between the bulk and the edge states of quantum Hall fluids [6] , it is expected that the central charge derived from the gravitational CS term should be the same as the central charge of the theory of the edge states, and hence to be determined by the level of the CS term for the hydrodynamic gauge fields. This analysis generalizes to multi-component abelian states (supplementary appendix B) but we will see below that there are some open issues in the non-abelian case.
Composite Boson theory: It is instructive to do the same analysis in the composite boson theory [2, 29] again for a FQH state with filling fraction ν = 1/(2p + 1). The main difference with the composite fermion theory is that the theory of fermions in a magnetic field is now mapped onto a system of with a Bose field Φ coupled to the CS theory with the action
in which
2 ω µ is the covariant derivative of the composite boson in a curved manifold [22] . We can perform the standard dual transformation [2] of the composite boson theory on the action Eq. (13) and find the effective Lagrangian for the hydrodynamic theory (see the supplementary appendix C)
The Hall viscosity and the Wen-Zee term (with the correct orbital spin) of the FQH state are correctly reproduced here, but the gravitational CS term is not [19, 20] We have not included the short-ranged repulsive densitydensity interaction here, but the interaction is turned into the Maxwell term after the dual transformation and is subleading than the CS terms. Thus the interaction does not affect the Hall viscosity and Wen-Zee term. This result generalizes for multi-component FQH states (see supplementary appendix B).
Projective Parton Constructions:
We will now discuss the Hall viscosity and geometric responses of abelian and non-abelian FQH states using the projective parton construction of Refs. [30, 35] . In this picture the electron is formally split into several "partons", each with a certain preassigned charge and all coupled to the same uniform magnetic field. This formal enlargement of the Hilbert space leads to a new local gauge symmetry. The action of the associated gauge fields projects the Hilbert space into the physical subspace of the original fermions. This procedure yields a correct effective theory in all cases [30, 35] but, as we will see below, has some open issues in the non-abelian case.
Abelian states: We begin with the projective parton description of the Laughlin state ν = 1 2p+1 , p ∈ Z. In this construction the electron operator factorizes into 2p + 1 fermionic partons [30, 52] 
Each parton ψ i carries the fractional electric charge e/(2p + 1) and fills up a lowest Landau level. Notice that the electron and the partons are all scalars and thus do not couple with the spin connection minimally. We also need to introduce 2p internal U (1) gauge fields to project out the non-physical states in the Hilbert space spanned by the partons of Eq.(15) [30] . We assume that the partons see the same background metric as the electron. As each parton is in the ν = 1 state and is gapped, we integrate out the partons to express the result in terms of a hydrodynamic theory of the Laughlin state. The resulting theory is identical to those of the composite particle theories, e.g. Eq.(11), except the gravitational CS term (see supplementary appendix D). Hence, we find that the correct Hall viscosity and Wen-Zee term are reproduced in the projective parton approach, but the central charge is overestimated as c = 2p + 1. Non-abelian states: Wen [30] (and Barkeshli and Wen [35] ) generalized the parton construction for the nonabelian Z k Read-Rezayi parafermion states [28] (including the k = 2 fermionic and bosonic pfaffian states) at filling ν = k Mk+2 . The fundamental particle Ψ e now becomes
Here
, and f a , a = 1 · · · 2k carries electric charge q f = 1
Mk+2
. Thus we introduce the electromagnetic charge matrix,
All the partons ψ i and f j are fermions in a ν = 1 state. The state has U (M ) × Sp(2k) gauge symmetry, under which the electron operator of Eq.(16) is invariant. This construction of the electron operator satisfies SU (2) k current algebra [35] and generates the same Z k parafermion state wavefunction as the SU (2) k WessZumino-Witten conformal field theory. By integrating out the partons, we obtain the effective field theory (18) where
F νλ = ∂ ν δA λ − ∂ λ δA ν , F νλ is the field strength of a µ ∈ U (M ) × Sp(2k), and ρ ψ = ρ e and ρ f = ρ e /k. Using Tr(F νλ ) = 0, we find the effective response theory L eff of the FQH state to the external electromagnetic gauge field δA µ and a distortion of the geometry
wheres = (M +2)/2. This effective Lagrangian correctly yields the average orbital spins for the non-abelian FQH state, and the Berry phase term,
M+2
2 ρω 0 , in Eq. (20), yields the correct Hall viscosity [13] . However, the gravitational CS term of Eq. (20) is an integer instead of a fractional value which is expected from the theory of the theory of the edge states of non-abelian FQH fluids. The preceding parton approach can be generalized to general FQH states which have the parton description (see the supplementary appendix E).
In conclusion, we derived a theory of the Hall viscosity and Wen-Zee term for FQH states from the composite particle theories and the projective parton approach. We showed that the composite particles carry the spin because of the spin-statistics connection, and they couple with the background geometry through the spin connection. With this knowledge, we derived successfully the geometric responses within the composite particle theories, i.e. the Hall viscosity and Wen-Zee term. In the projective parton construction, we showed how to obtain the electromagnetic and geometric response of general FQH states, abelian and non-abelian. Because the geometric response depends only on the orbital spin, which is required to identify the topological order of FQH states, our results imply that the field theory yields the consistent descriptions of topological order and the geometric response. We also showed that the composite fermion approach yields the correct gravitational CS term (for abelian FQH states), but the composite boson theory and the projective parton approach do not. This is to be contrasted with global ground state properties which are equally reproduced. The difference between the fermion and the boson approach reflects the fact that the fermion CS theory breaks time-reversal invariance at the meanfield level (although with the wrong current algebra) while the composite boson theory does not (at the mean field level). Instead, the parton construction yields a value of the central charge which is inconsistent with the CS theory of the hydrodynamic field and with theory of the edge states. Aside from this this issue, in this work we provided a firm ground to study the geometric responses of FQH states, and we hope that our work sheds light on the studies on the geometric response, and the relation between 2+1-dimensional gravity and FQH states.
We thank Taylor In this supplementary appendix, we prove Eq.(3) from Eq. (2) in the main text.
We write the vectors appearing in Eq.(A1) explicitly.
Here s is the arc length of C, and thus we have taken e 1 = ∂r ∂s . It is clear that e 2 · e 1 = 0 from the expression. As we are interested in the adiabatic transport of the particle, we impose the condition
along the curve C. Then this translates as α = 1 + O( v 2 α 2 ). As the space Σ 2 is curved, we introduce a static local frame on the space.
Below we will suppress the depedence of u i on (x 1 , x 2 , 0) ∈ Σ 2 . However it is important to remember that the frame Eq. (A4) depends on the position because of non-zero curvature in Σ 2 . When there is no torsion in Σ 2 , the frame follows the equation of motion dictated by the spin connection ω µ:ab
Because the curvature is solely from the space Σ 2 , the only non-zero element of the spin connection is ω µ:12 = −ω µ:21 = ω µ (we suppress the Lorentz indices 'ab' in the spin connection from here and on). The equation of motion Eq. (A5) implies that we have the following equations when we are translating the frame along ∂r ∂s ∂r ∂s
·
with ∇ the covariant derivative. Further we represent e 2 in terms of E i , i = 1, 2 by introducing an angle φ(s).
The dependence of φ(s) on the arc length s represents the relative rotation of the frame e i of the curve to the frame E i of the space Σ 2 . With these in hand, we can proceed to rewrite the twist Eq. (A1),
We have used elementary chain rules and Eq. (A6) in the second and third lines. Between the fourth line and the fifth line, we have used Eq. (A2) and Eq. (A4). Then the last line is just rewriting the integral in a way that it is apparently parameterization independent within the approximation Eq. (A3) (this approximation becomes exact if the transport is performed infintely slowly v 2 → 0). The first term in the last line is non-universal and depends only on the boundary condition. So we drop it in the main text Eq.(3).
Appendix B: Bilayer FQH state
Composite fermion theory of Bilayer FQH states : We can study the bilayer quantum Hall state from the composite fermion theory 
and where p a , a = 1, 2 and n are arbitrary integers. Notice that the spins of the composite fermions depend only on the change in the self-statistical angle θ a = 2πp a and thus the fermions couple to the spin connection with the strength of p a , i.e., the diagonal elements of K-matrix in L CS . We smear out the fluxes of the statistical gauge fields into space and assume that the composite fermions are at ν a = 1, a = 1, 2 (the generalization to the other values of ν a ∈ Z is straightforward). We integrate out the composite fermions and expand the resulting effective Lagrangian L in terms of the perturbations {δα
We can transform this effective theory Eq. (B3) into the hydrodynamic description by rewritting the last term of L topo in Eq. (B3) in terms of the hydrodynamics fields β a µ .
With this in hand, we integrate out δα
in whichK
The Hall viscosity of this bilayer system is,
in agreement with the references. 1,2 Furthermore, the Wen-Zee term in Eq. (B5) comes with the correct spin for the bilayer system. 3, 4 From the coefficient of the gravitational CS term − c 48π ε µνλ ω µ ∂ ν ω λ in (B5), we find that the chiral central charge of the theory is c = 2 as expected. Finally, it is straightforward to generalize the discussion here to other multi-component FQH states including the hierarchy states in Jain sequence.
Composite boson theory of Bilayer FQH states : We can also describe the bilayer FQH state by the composite boson theory. We have the two species of the Bose fields Φ a , a = 1, 2
in which D
2 )ω µ is the covariant derivative of the composite bosons Φ a in the layer
where p a , a = 1, 2 and n are arbitrary integers. Notice that the spins of the composite bosons depend only on the change in the self-statistical angle θ a = 2π(p a + 1 2 ) and thus the bosons couple to the spin connection with the strength of p a + 1 2 , i.e., the diagonal elements of K-matrix in L CS . Then, the FQH state corresponds to the superfluid state of the boson Φ a , a = 1, 2. Following the dual transformation described in the supplementary material C, we find
with the same K-matrix in the first term of L topo appearing in flux attachment Eq.(B9). The Hall viscosity and Wen-Zee term are reproduced correctly here.
We can write down the low-energy Lagrangian for the superfluid by expanding Φ = √ρ + δρe iθ in terms of δρ and θ, L = √ g (∂ t θ + δα t )ρ + (∂ t θ + δα t + δa t )δρ −ρ g ij 2 (∂ i θ + δα i + δa i )(∂ j θ + δα j + δa j ) + ε µνλ 4π(2p + 1)
with δα µ = δA µ + 2p+1 2 ω µ . Here, the first term ∼ √ gρ∂ t θ in the right hand side can be gauged away. We introduce a Hubbard-Stratanovich field J i to rewrite the kinetic term of the composite boson,
With these in hand, we have
where J µ = (δρ, −J i ) represents the conserved boson current. In the absence of the vortex excitation, we can integrate out the phase variable θ ∈ R to obtain, (but inclusion of the vortex can be done easily)
in which a hydrodynamic (gauge) field b µ is introduced to solve the equation of motion. By plugging this back to the Lagrangian Eq. (C6), we find L = √ g ρδα t + 1 2π ε µνλ (δα µ + δa µ )∇ ν b λ + ε µνλ 4π(2p + 1) δa µ ∇ ν δa λ − 1 2ρ e i g ij e j .
Here e i = 1 2π ε iσλ ∇ σ b λ , i = x, y is the electric field of b µ . We integrate out δa µ and obtain the effective action for the FQH state in the curved space
This is precisely the same as Eq. (14) in the main text.
α j,µ = a j−1,µ − a j,µ , and the 1st parton ψ 1 (the last parton ψ k ) couples only to α 1,µ = −a 1,µ (α k−1,µ = a k−1,µ ). It is convenient to introduce another set of the gauge fields (β 1,µ , β 2,µ , · · · , β k,µ ) such that
We integrate out the partons to obtain the effective response theory,
Then we introduce the hydrodynamic fields b i,µ to rewrite the CS terms.
Now we integrate out a j,µ , j = 1, 2 · · · k − 1 and this generates the equation of motion b µ = b i,µ , i = 1, 2, · · · k. Then we find the same effective hydrodynamic response theory as that of the composite fermion Eq.(11) in the main text except the overestimate of the chiral central charge.
